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1. Introduction 

The Consumer Price Index (CPI) is an index to measure change in prices of a market basket of 
goods from one period to another. Its major function is to allow consumers to determine the degree 
to which their purchasing power is being eroded by price increase. During the current period of 
rising inflation due to rising prices of energies (oil and natural gas), minerals and farm produce, 
nominal investment returns have been eroded by inflation. Moreover, rising inflation seems to stay 
for the foreseeable future and raises the investors’ concern for maintaining the purchasing power 
of their investment values. This leads to an increasing demand for inflation- linked derivatives. 

For example, pension funds and insurance companies have been looking for inflation 
derivatives for long-term inflation protection. In addition, EUR inflation swaps have been 
experienced exponential growth in volume over the recent years, mainly driven by a variety of 
retail structures with short maturities. Many fixed income securities are now involved in inflation-
adjusted features in some form. 

Though conservative investors usually prefer investing in principal-protected financial 
products, nominally protected, the real purchasing power is in fact eroded during a long period of 
rising inflation. To avoid eroding the real purchasing power, the demand for inflation-adjusted 
financial instruments is on the rise. To follow the growth of the inflation derivatives market, we 
attempt to introduce a well-known derivative that incorporates an inflation-adjusted provision, an 
inflation-adjusted floating range note (hereafter, IFRN).1 

An IFRN pays a floating coupon rate based on the value of some reference interest rate, 
observed at the beginning of each compounding period, with principal adjusted periodically for 
change in the CPI. With the provision on the inflation adjustment of principal, investors can earn 
real coupon payments which provide protection against rising inflation and maintain the real 
purchasing power. 

In order to price IFRNs, we must suitably specify the dynamics of the CPI in a risk-neutral 
world. The various marco econometrics models are helpless when it comes to pricing inflation 
derivatives. Based on the Amin and Jarrow model (1991, AJ), Jarrow and Yildirim (2003, JY) have 
introduced a model that specifies the behaviors of the nominal and real instantaneous forward rates 
and the CPI (corresponding to domestic and foreign instantaneous forward rates and the exchange 
rate) in a risk-neutral world and used it to price treasury inflation-protected securities (TIPS) and 
inflation derivatives. 

Based on the cross-currency LIBOR market model in Schlögl (2002), inflation has also been 
modelled by using market models. Mercurio (2005) presented two alternative market models to 
price zero coupon and year-on-year inflation-indexed swaps and inflation-indexed caps and floors. 

The advantage of JY model is that the foreign-currency analogy gives an intuitive approach to 
viewing inflation. The rates specified in JY (2003) model are Gaussian processes which are flexible 
enough to price almost all inflation-linked derivatives in closed form. With this feature, hedging 
can be consistently conducted.  In addition, the calibration procedure for parameters is well-
specified in JY (2003), which makes this model more feasible and tractable. Therefore, we adopt 
the JY (2003) model to analytically price IFRNs.  

The remaining of this paper is organized as follows. Section 2 reviews the JY model. The 
IFRNs are priced in Section 3. The conclusion is made in the last section.

                                                             
1 The literatures on the valuation of regular floating range notes can be referred to Turnbull (1995), Navatte and 
Quittard-Pinon (1999), Nunes (2004), Eberlein and Kluge (2006) and Wu and Chen (2007). 
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2. Review of the Jarrow and Yildirim Model 

The JY (2003) model is briefly reviewed in this section. We assume that trading takes place 
continuously in time over an interval ሾ0, τ ሿ, 0 ൏ τ ൏ ∞. The uncertainty is described by a 
filtered spot martingale probability space Ω,ℱ,𝒬, ሼℱ௧ሽ௧∈ሾ,த ሿ on which a d-dimensional standard 
Brownian motion Wሺtሻ ൌ ሺWଵሺtሻ, Wଶሺtሻ, . . . , Wௗሺtሻሻ is defined. The flow of information 
accruing to all the agents in the economy is represented by the filtration ሼℱ௧ሽ௧∈ሾ,த ሿwhich satisfies 
the usual hypotheses.2 Note that Q denotes the spot martingale probability measure. We list the 
notations with ‘n’ for nominal and ‘r’ for real as follows.

𝑋ሺ𝑡ሻ= the time 𝑡 inflation index (CPI). 
𝐵ሺ𝑡,𝑇ሻ= the time 𝑡 price in dollars of a nominal zero-coupon bond (ZCB) paying one dollar 

at time T. 
𝐵ሺ𝑡,𝑇ሻ= the time 𝑡 price in CPI units of a real ZCB paying one-unit of CPI at time T. 
𝐵௫ሺ𝑡,𝑇ሻ= XሺtሻBሺt, T ሻ, the time 𝑡 nominal price in dollars of a real ZCB paying one-unit of 

CPI at time T. 
𝑅ሺ𝑡,𝑇;𝛤 ሻ= the nominal forward LIBOR rate contracted at time t and applied to the period 

ሾ𝑇,𝑇  𝛿்  ሿ with 0  𝑡  𝑇  𝑇  𝛿்  𝑇 . 
𝑓ሺ𝑡,𝑇ሻ= the k forward interest rate contracted at time 𝑡  for instantaneous borrowing and 

lending at time 𝑇 𝑤𝑖𝑡ℎ  0  𝑡  𝑇  𝜏 ,where 𝑘 ∈ ሼ𝑛, 𝑟ሽ. 
rሺtሻ= 𝑓ሺ𝑡, 𝑡ሻ, the k risk-free spot rate at time 𝑡. 
𝒬்= the forward martingale measure with respective to the numéraire 𝐵ሺ∙,𝑇ሻ. 

 
The relationships between 𝑅ሺ𝑡,𝑇;𝛤 ሻ and 𝐵ሺ𝑡,𝑇ሻ and between 𝑓ሺ𝑡,𝑇ሻ and 𝐵ሺ𝑡,𝑇ሻ can be 
expressed as follows: 

𝑹ሺ𝒕,𝑻;𝚪𝑻ሻ ൌ
𝟏

𝜹𝑻
൫𝑩𝒏ሺ𝒕,𝑻ሻ െ 𝑩𝒏ሺ𝒕,𝑻 𝚪𝑻ሻ൯/𝑩𝒏ሺ𝒕,𝑻 𝚪𝑻ሻ (1) 

𝑩𝑲ሺ𝒕,𝑻ሻ ൌ 𝐞𝐱𝐩ቀെ𝒕
𝑻
𝒇𝒌ሺ𝒕,𝒖ሻ𝒅𝒖ቁ. (2) 

Based on the modeling mechanism used by AJ (1991), JY (2003) have derived the arbitrage-free 
evolution of the real and nominal forward rates, the prices of real and nominal ZCBs and the inflation 
index. We specify their results briefly as follows. 

 
Proposition 2.1. The Jarrow and Yildirim Model under Q  

The arbitrage-free processes of 𝑓ሺ𝑡,𝑢ሻ , 𝐵ሺ𝑡,𝑇ሻ , 𝐵௫ሺ𝑡,𝑇ሻ  and 𝑋ሺ𝑡ሻ  under the spot martingale 
measure Q are, respectively, given as follows:3

𝒅𝒇𝒏ሺ𝒕,𝑻ሻ ൌ 𝝈𝒏ሺ𝒕,𝑻ሻ  𝝈𝑩𝒏ሺ𝒕,𝑻ሻ𝒅𝒕  𝝈𝒏ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,  (3) 

𝒅𝒇𝒓ሺ𝒕,𝑻ሻ ൌ 𝝈𝒓ሺ𝒕,𝑻ሻ  ൫𝝈𝑩𝒓ሺ𝒕,𝑻ሻ െ 𝝈𝒙ሺ𝒕ሻ൯𝒅𝒕  𝝈𝒓ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,  (4) 

𝒅𝑿ሺ𝒕ሻ

𝑿ሺ𝒕ሻ
ൌ ൫𝒓𝒏ሺ𝒕ሻ െ 𝒓𝒓ሺ𝒕ሻ൯𝒅𝒕  𝝈𝒙ሺ𝒕ሻ  𝒅𝑾ሺ𝒕ሻ, (5) 

𝒅𝑩𝒏ሺ𝒕,𝑻ሻ

𝑩𝒏ሺ𝒕,𝑻ሻ
ൌ 𝒓𝒏ሺ𝒕ሻ𝒅𝒕 െ 𝝈𝑩𝒏ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ, (6) 

                                                             
2 The filtration ሼ𝐹௧ሽ௧∈ሾ,்ሿ is right continuous and 𝐹 contains all the Q-null sets of ℱ. 
3 For the detailed regular conditions, please refer to JY (2003). 
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𝒅𝑩𝒓ሺ𝒕,𝑻ሻ

𝑩𝒓ሺ𝒕,𝑻ሻ
ൌ ሺ𝒓𝒓ሺ𝒕ሻ  𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒓ሺ𝒕,𝑻ሻሻ𝒅𝒕 െ 𝝈𝑩𝒓ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ, (7) 

𝒅𝑩𝒓𝒙ሺ𝒕,𝑻ሻ

𝑩𝒓𝒙ሺ𝒕,𝑻ሻ
ൌ 𝒓𝒏ሺ𝒕ሻ𝒅𝒕  ሺ𝝈𝒙ሺ𝒕ሻ െ 𝝈𝑩𝒓ሺ𝒕,𝑻ሻሻ  𝒅𝑾ሺ𝒕ሻ, (8) 

 
Where  𝜎ሺ𝑡,𝑇ሻ , 𝜎ሺ𝑡,𝑇ሻ  and 𝜎௫ሺ𝑡ሻ  are d-dimensional volatility vectors and the relationship between  
𝜎ሺ𝑡,𝑇ሻ and  𝜎ሺ𝑡,𝑇ሻ is given as follows: 

𝝈𝑩𝒌ሺ𝒕,𝑻ሻ ൌ 𝒕
𝑻
𝝈𝒌ሺ𝒕,𝒔ሻ𝒅𝒔. 

By observing (3),  the  drift  restriction  of  the  nominal  forward  rate  for  no-arbitrage  is  still  the same 
as the one given in the Heath, Jarrow and Morton (1992) model. For the real forward rate, the drift has 
one additional term, ሺ𝜎ሺ𝑡,𝑇ሻ  𝜎௫ሺ𝑡ሻ , which specifies the instantaneous correlation between the 
inflation rate and the real forward rate. It is also observed that the drift terms of the real ZCB are 
augmented by the instantaneous correlations between the inflation rate and the real ZCB. For greater 
flexibility, the number of the random shocks, d, are not designated exactly, leaving the user to choose for 
simplicity and accuracy. The calibration procedure for parameters in Proposition 2.1 has been detailed 
in JY (2003). 

Notice that dynamics in Proposition 2.1 are the stochastic processes under the spot martingale 
measure Q. It is sometimes convenient to know the dynamics under other forward martingale 
measures. The following proposition specifies a useful rule under which the stochastic processes 
are altered following the change of the underlying measure. This rule is convenient for deriving the 
pricing formulas of inflation derivatives. 
Proposition 2.2. The Jarrow and Yildirim Model under Q S 

The arbitrage-free processes of 𝑓ሺ𝑡,𝑇 ሻ,𝐵ሺ𝑡,𝑇 ሻ,𝐵௫ሺ𝑡,𝑇 ሻ 𝑎𝑛𝑑 𝑋ሺ𝑡ሻ  under the forward 
martingale measure Q S are, respectively, given as follows: 

𝒅𝒇𝒏ሺ𝒕,𝑻ሻ ൌ 𝝈𝒏ሺ𝒕,𝑻ሻ  ሺ𝝈𝑩𝒏ሺ𝒕,𝑻ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑺ሻሻ𝒅𝒕  𝝈𝒏ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,                      (9) 

𝒅𝒇𝒓ሺ𝒕,𝑻ሻ ൌ 𝝈𝒓ሺ𝒕,𝑻ሻ  ൫𝝈𝑩𝒓ሺ𝒕,𝑻ሻ െ 𝝈𝒙ሺ𝒕ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑺ሻ൯𝒅𝒕  𝝈𝒓ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,        (10) 

𝒅𝑿ሺ𝒕ሻ

𝑿ሺ𝒕ሻ
ൌ ൫𝒓𝒏ሺ𝒕ሻ െ 𝒓𝒓ሺ𝒕ሻ െ 𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑺ሻ൯𝒅𝒕  𝝈𝑩𝒏ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,                       (11) 

𝒅𝑩𝒏ሺ𝒕,𝑻ሻ

𝑩𝒏ሺ𝒕,𝑻ሻ
ൌ ሺ𝒓𝒏ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑻ሻ  𝝈𝑩𝒏ሺ𝒕,𝑺ሻሻ𝒅𝒕 െ 𝝈𝑩𝒏ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,                          (12) 

𝒅𝑩𝒓ሺ𝒕,𝑻ሻ

𝑩𝒓ሺ𝒕,𝑻ሻ
ൌ ሺ𝒓𝒓ሺ𝒕ሻ  ሺ𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑺ሻሻ  𝝈𝑩𝒓ሺ𝒕,𝑻ሻሻ𝒅𝒕 െ 𝝈𝑩𝒓ሺ𝒕,𝑻ሻ  𝒅𝑾ሺ𝒕ሻ,           (13) 

𝒅𝑩𝒓𝒙ሺ𝒕,𝑻ሻ

𝑩𝒓𝒙ሺ𝒕,𝑻ሻ
ൌ ሺ𝒓𝒏ሺ𝒕ሻ െ ሺ𝝈𝒙ሺ𝒕ሻ െ 𝝈𝑩𝒓ሺ𝒕,𝑻ሻሻ  𝝈𝑩𝒏ሺ𝒕,𝑺ሻሻ𝒅𝒕  ሺ𝝈𝒙ሺ𝒕ሻ െ 𝝈𝑩𝒓ሺ𝒕,𝑻ሻሻ  𝒅𝑾ሺ𝒕ሻ, (14) 

 
where 0 ≤ t ≤ min(S, T).4 

 
Having briefly introduced the JY (2003) model, we next derive the pricing formulas of IFRNs 

in the following section. 
 

3. Valuation of IFRNs 

                                                             
4 We employ W	(t)	to denote an independent d-dimensional standard Brownian motion under an arbitrary 
measure without causing any confusion. 
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The main purpose of this section is to derive the closed-form pricing formulas for IFRNs in the 
framework of the JY model. Before introducing a general IFRN contract, we define some notations as 
follows: 

𝑃= the initial principal amount of an IFRN. 

τ= the current time and the considered time flow is 0  𝑇 ൏ 𝜏 ൏ 𝑇ଵ ൏ 𝑇ଶ ൏ . . .൏

 𝑇. 

𝐷= the number of days during the year that contains the period ሺ𝑇 ,𝑇ାଵሿ ,where 

 ሺ𝑇 ,𝑇ାଵሿ denotes the period from date 𝑇  (excluding this date) up to and including 

date 𝑇ାଵ. 

𝑞 = the number of days for the period ሺτ,𝑇ଵሿ. 

𝑁= the number of days for the period  ሺ𝑇 ,𝑇ାଵሿ. 

𝑇ೕ= the date 𝜏  𝑗 for 𝑗 ൌ 1, 2, . . . ,𝑞 ሺ𝑇 ൌ 𝑇ଵሻ. 

𝑇 = the date 𝑇  𝑗 for 𝑗 ൌ 1, 2, . . . ,𝑁 𝑎𝑛𝑑 𝑖 ൌ 1, 2, . . . ,𝑚െ 1(𝑇,ே= 𝑇ାଵ). 

𝐶ሺ𝜏,𝑇ሻ= the time τ value of the i-th coupon paid at time 𝑇 by an IFRN. 

𝐾
൫𝐾

 ൯= the upper (lower) bound of the range employed at time 𝑇. 

∆ = the spread applied for the date 𝑇. 

Γ= the length of the compounding period (in years) of the reference interest rate 

observed at time 𝑇. 

𝑇
∗  = the date 𝑇  Γ. 

To lighten the notation, we disregard the third argument Γ  in the 𝑅ሺ𝑡,𝑇;  𝛤ሻ , 
hoping without causing any confusion. To obtain a more general pricing formula, each reference 
LIBOR rate has its own compounding period. 

Consider an IFRN, issued at time 0, with reset dates ሼ𝑇,𝑇ଵ, . . . ,𝑇ିଵሽ and payment dates 
ሼ𝑇ଵ, . . . ,𝑇ሽ where 𝑇 is the latest reset date, 𝑇ଵ is the next reset date and 𝑇 is the expiry date. The 
time flow can be explicitly presented as: 0  𝑇 ൏ 𝜏 ൏ 𝑇ଵ ൏ 𝑇ଶ ൏ . . .൏  𝑇.. We define the coupon 
payments of this IFRN as follows. 

Definition 3.1. For an IFRN, the coupon at date 𝑇ଵ is defined to be 

𝑪ሺ𝑻𝟏,𝑻𝟏ሻ ൌ 𝑴𝑷𝟎 ቂ∑ ሺ𝑹ሺ𝑻𝟎,𝑻𝟎ሻ  𝜟𝟎𝒋ሻ ൈ 𝑱ሺ𝑻𝟎𝒋ሻ
𝒒
𝒋ୀ𝟏 ቃ/𝑫𝟎 (15) 

where M denotes the realized payoff during the period ሺ𝑇, τ ሿ and 

𝑱ሺ𝑻𝟎𝒋ሻ ൌ ቊ
𝟏     ;𝑲𝟎𝒋

𝑳  𝑹൫𝑻𝟎𝒋,𝑻𝟎𝒋൯  𝑲𝟎𝒋
𝑼

𝟎         ;𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆,
 (16) 

for 𝑗 ൌ 1, 2, . . . , 𝑞. The coupon at date 𝑇ାଵ, for i=1,...,m-1 is given as follows: 

𝑪ሺ𝑻𝒊ା𝟏,𝑻𝒊ା𝟏ሻ ൌ 𝑷𝒊 ቂ∑ ሺ𝑹ሺ𝑻𝒊,𝑻𝒊ሻ  𝜟𝒊𝒋ሻ ൈ 𝑱ሺ𝑻𝟎𝒋ሻ
𝑵𝒊
𝒋ୀ𝟏 ቃ /𝑫𝒊 (17) 

Where 

𝑱ሺ𝑻𝒊𝒋ሻ ൌ ቊ
𝟏;𝑲𝒊𝒋

𝑳  𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝑲𝒊𝒋
𝑼

𝟎;𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆,
 (18) 

for 𝑗 ൌ 1, 2, . . . ,𝑁. The principal applied to each coupon is defined by 
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𝑷𝒊 ൌ 𝑷𝟎
𝑿ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
, 𝒊 ൌ 𝟎,𝟏,𝟐, … ,𝒎 (19) 

The final principal, denoted by Pm, is paid back at date Tm. 
 

It is worth emphasizing that the pre-specified range ൫ൣ𝐾
 ,𝐾

൧൯ for each observed date is 

allowed to vary daily. In addition, to reflect different compensations arising from selling digital 
options with different ranges, the pre-specified spread (𝛥) is also permitted to change daily. 

A specific feature of the IFRN is that its principal applied to each period is adjusted for change 
in the CPI index. This inflation-adjusted feature enables investors to avoid inflation risk and 
maintain the real purchasing powers of investment values.  Therefore, IFRNs would be popularly 
accepted by investors in the present period of high inflation, which is expected to persist for years. 
If the principal remains constant, namely P, without being adjusted according to CPI index, IFRNs 
degenerate to a ordinary floating range notes (FRNs). In Section 4, we will present some numerical 
examples to show the effect of incorporating the adjustment of inflation. 

Observe that an IFRN is a linear combination of four component financial products.  It can be 
priced by first pricing these preliminary components, which are all inflation-adjusted: delayed digital 
options, delayed range digital options, delayed interest-or-nothing digital options and delayed interest-
or-nothing range digital options. Each one of the four inflation-adjusted components will be priced 
sequentially in the following sections. 

3.1 Inflation-Adjusted Delayed Digital Options (IDO) 

An inflation-adjusted delayed digital call (put) option (IDC (IDP)) pays one unit of inflation- 
adjusted currency at maturity 𝑇ାଵ  if the reference interest rate 𝑅൫𝑇 ,𝑇൯  that matured 
previously at time 𝑇 lies above (below) the strike rate 𝐾. The final payoff of this option at 
time 𝑇ାଵ is precisely given as follows:5

𝑰𝑫𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑰ሺ𝜽𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝜽𝑲𝒊𝒋ሻ (20) 

where 𝑅൫𝑇 ,𝑇൯ is the LIBOR rate for the period ൣ𝑇 ,𝑇
∗ ൧, and 𝜃 ൌ 1 stands for a call and -1 for a 

put. 

Theorem 3.1. The value of an IDO at time τ is given as follows. 

𝑰𝑫𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿𝑭ሺ𝝉,𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ∅ሺ𝝉,𝑻𝒊ሻ𝑵ሺ𝜽𝒅൫𝑻𝒊𝒋൯ሻ (21) 

with 

𝐗𝐅ሺ𝛕,𝐓𝐢ሻ ൌ
𝐗ሺ𝛕ሻ𝐁𝐫ሺ𝛕,𝐓𝐢ሻ

𝐁𝐧ሺ𝛕,𝐓𝐢ሻ
, (22) 

𝒅൫𝑻𝒊𝒋൯ ൌ
𝑰𝒏ቆ

𝟏శ𝚪𝒊𝒋𝑹ቀ𝝉,𝑻𝒊𝒋ቁ

𝟏శ𝚪𝒊𝒋𝑲𝒊𝒋
ቇି𝝃൫𝝉,𝑻𝒊𝒋൯ା

𝟏
𝟐
𝑽൫𝝉,𝑻𝒊𝒋൯

ඥ𝑽ሺ𝝉,𝑻𝒊ሻ
, (23) 

where 𝜉൫𝜏, 𝑇𝑖𝑗൯,𝜑ሺ𝜏,𝑇ሻ and 𝑉൫𝜏,𝑇൯ are defined, respectively, in (A.15), (A.13) and (A.16). 
 
Proof. The proof is given in Appendix A. 

Since the JY (2003) model is derived based on the AJ (1991) model, the JY model has a cross-
currency analogy that nominal prices correspond to the domestic prices, real prices to foreign prices, 
and the CPI to the spot exchange rate. Thus, similar to the interest rate parity, 𝑋ிሺ𝜏,𝑇ሻ defined in 

                                                             
5 I(A) is an indicator function, defined as follows:𝐼ሺ𝐴ሻ ൌ ቄ1  𝑖𝑓 𝐴 𝑖𝑠 𝑡𝑟𝑢𝑒,

0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
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(22) stands for the time-𝑇 forward CPI index observed at time 𝜏 . Therefore, at time 𝜏 , the expected 
realized principal for time 𝑇 is defined as follows: 

𝑿𝑭ሺ𝝉,𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
. 

Thus, if inflation rises higher during the duration of an IDO, the adjusted principal would 
compensate the purchasing powers eroded by increasing prices. 

𝐵ሺ𝜏,𝑇ାଵሻ in (21) represents the discount factor and the cumulative density function N (·) 
stands for the probability that the IDO will be in the money at maturity.  As a market variable is 
observed at a previous time and used to calculate a payoff that occurs at a later time, this results in 
a timing adjustment in the pricing formula.6  Observing the pricing formula (21),  𝜑ሺ𝜏,𝑇ሻ is a 
timing adjustment for the CPI index, observed at 𝑇 and used to calculate the payoff at 𝑇ାଵ. 

3.2 Inflation-Adjusted Delayed Range Digital Options 

An inflation-adjusted delayed range digital option (IDRO) is similar to an IDO except that the 
payment occurs as the reference rate lies inside a pre-specified rangeൣ𝐾

,𝐾
൧. The final payoff. of 

a general IDRO at time 𝑇ାଵ is defined as follows: 

𝑰𝑫𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑰൫𝑲𝒊𝒋

𝑳  𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝑲𝒊𝒋
𝑼൯. (24) 

Based on the property in probability measure theory, the IDRO payoff can be expressed in terms 
of two IDC payoffs. This means that (24) can be rewritten as follows: 

𝑰𝑫𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰𝑫𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑰𝑫𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯. 

This fact leads to the following theorem. 

Theorem 3.2. The time τ value of an IDRO is equal to 

𝑰𝑫𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑰𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯. (25) 

3.3 Inflation-Adjusted Delayed Interest-or-Nothing Digital Options (IDIO) 

An inflation-adjusted delayed interest-or-nothing digital call (put) option (IDIC (IDIP)) 
pays a floating interest payment 𝑅ሺ𝑇 ,𝑇ሻ on the inflation-adjusted principal at maturity date 𝑇ାଵ 
if the reference interest rate 𝑅൫𝑇 ,𝑇൯ is above (below) a pre-specified strike rate 𝐾𝒊𝒋. We state 
the contract formally by specifying its final payoff at time 𝑇ାଵ  as follows: 

𝑰𝑫𝑰𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑹ሺ𝑻𝒊,𝑻𝒊ሻ𝑰൫𝜽𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝜽𝑲𝒊𝒋൯, 

where 𝑅ሺ𝑇 ,𝑇ሻ is the LIBOR rate for the periodሾ𝑇 ,𝑇
∗ሿ, and 𝜃 ൌ 1 stands for a call and -1 for a put. 

The pricing formula is derived in the following theorem. 

Theorem 3.3. The time τ value of an IDIO is given as follows: 

𝑰𝑫𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿𝑭ሺ𝝉,𝑻𝒊ሻ

𝚪𝒊𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ ൬൫𝟏  𝚪𝒊𝑹ሺ𝝉,𝑻𝒊ሻ൯∅∗ሺ𝝉,𝑻𝒊ሻ𝑵ቀ𝜽𝒅∗൫𝑻𝒊𝒋൯ቁ െ

∅ሺ𝝉,𝑻𝒊ሻ𝑵ሺ𝜽𝒅൫𝑻𝒊𝒋൯൰. (26) 

with 

                                                             
6 Please refer to Hull (2006) for more detail about timing adjustment. 
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𝒅∗൫𝑻𝒊𝒋൯ ൌ
𝑰𝒏ቆ

𝟏  𝜞𝒊𝒋𝑹൫𝝉,𝑻𝒊𝒋൯
𝟏  𝜞𝒊𝒋𝑲𝒊𝒋

ቇ െ 𝝃∗൫𝝉,𝑻𝒊𝒋൯ 
𝟏
𝟐𝑽൫𝝉,𝑻𝒊𝒋൯

ඥ𝑽ሺ𝝉,𝑻𝒊ሻ
 

where 𝜉∗൫∙,𝑇൯, ∅∗ሺ𝜏,𝑇ሻ, ∅ሺ𝜏,𝑇ሻ, 𝑉ሺ𝜏,𝑇ሻ, 𝑋ிሺ𝜏,𝑇ሻ and 𝑑ሺ𝑇ሻ are defined, respectively, in (B.7), 
(B.10), (A.17), (A.20), (22) and (23). 
Proof. The proof is given in Appendix B. 

𝑋ிሺ𝜏,𝑇ሻ/𝑋ሺ0ሻ,∅ሺ𝜏,𝑇ሻ and 𝐵ሺ𝜏,𝑇ାଵሻ in (26) represent, respectively, the expected realized 
principal, a timing adjustment for the CPI index, and the discount factor.  ∅∗ሺ𝜏,𝑇ሻ is also a 
time adjustment for both of the LIBOR rate and CPI index, observed at time 𝑻𝒊 and paid at time 
𝑇ାଵ. The cumulative density function 𝑁ሺሻ stands for the probability that the IDIO will be in the 
money at maturity.  If  ∅ሺ𝜏,𝑇ሻ and ∅∗ሺ𝜏,𝑇ሻ in (26) are ignored, and 𝑑൫𝑇൯ and 𝑑∗൫𝑇൯ are seen 
to be the same, (26) can be rewritten as 

𝑿𝑭ሺ𝝉,𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ𝑹ሺ𝝉,𝑻𝒊;𝜞𝒊ሻ𝑵ቀ𝒅൫𝑻𝒊𝒋൯ቁ, 

which means that the IDIO pays the discounted LIBOR interset with inflation adjustment if the 
IDIO is in the money. 

3.4 Inflation-Adjusted Delayed Interest-or-Nothing Range Digital Options 

An inflation-adjusted delayed interest-or-nothing range digital option (IDIRO) is similar to an IDIO 
except that the payment occurs as the reference rate lies inside a pre-specified range ൣ𝐾

 ,𝐾
൧. The 

final payoff of an IDIRO is defined as follows: 

𝑰𝑫𝑰𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑹ሺ𝑻𝒊,𝑻𝒊ሻ𝑰൫𝑲𝒊𝒋

𝑳  𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝑲𝒊𝒋
𝑼൯. 

Similar to IDROs, IDIROs can also be expressed in terms of two IDICs, i.e. 

𝑰𝑫𝑰𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰𝑫𝑰𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑰𝑫𝑰𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯. 

Thus, the pricing formula of an IDIRO can be expressed in terms of the pricing formulas of IDICs, 
and the result is presented in the following theorem. 

Theorem 3.4. The time τ value of an IDIRO is equal to 

𝑰𝑫𝑰𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰𝑫𝑰𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑰𝑫𝑰𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯.       (27) 

3.5 Delayed Digital Options (DO) 

An interest rate delayed digital call (put) option (DC (DP)) pays one currency unit at maturity 
𝑇ାଵ if the reference interest rate 𝑅൫𝑇 ,𝑇൯ that matured previously at time 𝑇  lies above 
(below) the strike rate 𝐾𝒊𝒋. The final payoff of this option at time 𝑇ାଵ is precisely given as 
follows: 

𝑫𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰൫𝜽𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝜽𝑲𝒊𝒋൯. 

Theorem 3.5. The value of a DO at time τ is given as follows. 

𝑫𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ𝑵ቀ𝜽𝒅෩൫𝑻𝒊𝒋൯ቁ (28) 

with 
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𝒅෩൫𝑻𝒊𝒋൯ ൌ
𝑰𝒏ቆ

𝟏శ𝜞𝒊𝒋𝑹ቀ𝝉,𝑻𝒊𝒋ቁ

𝟏శ𝜞𝒊𝒋𝑲𝒊𝒋
ቇି𝝃෩൫𝝉,𝑻𝒊𝒋൯ା

𝟏
𝟐
𝑽൫𝝉,𝑻𝒊𝒋൯

ඥ𝑽ሺ𝝉,𝑻𝒊ሻ
, (29) 

where 

𝝃෩൫𝝉,𝑻𝒊𝒋൯ ൌ 𝝉
𝑻𝒊𝒋𝝁𝒉൫𝒖,𝑻𝒊𝒋൯𝒅𝒖 

and 𝜇൫𝑢,𝑇൯ is defined in (A.12). 
Proof. The proof of Theorem 3.5 is available upon request from the authors. 

3.6 Delayed Range Digital Options 

A delayed range digital option (DRO) is similar to an DO except that the payment occurs as the 
reference rate lies inside a pre-specified range  ൣ𝐾

 ,𝐾
൧. The final payoff of a general DRO at 

time 𝑇ାଵ is defined as follows: 

𝑫𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑰൫𝑲𝒊𝒋
𝑳  𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝑲𝒊𝒋

𝑼൯. (30) 

Based on the property in probability measure theory, an DRO payoff can be expressed in terms of 
two DC payoffs. Equation (30) can then be rewritten as follows: 

𝑫𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑫𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑫𝑪൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯. 

This result leads to the following theorem. 

Theorem 3.6. The time τ value of a DRO is equal to 

𝑫𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋
𝑳 ൯ െ 𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋

𝑼൯. (31) 

Remark 3.1. For an DO, if the maturity date 𝑇 of its reference rate equals 𝑇ାଵ which is also the 
maturity date of the DO, then an DO becomes an ordinary digital option without delaying its payoff. 
Similarly, as 𝑇 ൌ 𝑇ାଵ, an DRO also becomes an ordinary digital range option. 

3.7 Delayed Interest-or-Nothing Digital Options 

A delayed interrest-or-nothing digital call (put) option (DIC (DIP)) pays a floating interest payment 
𝑅ሺ𝑇 ,𝑇ሻ at maturity date 𝑇ାଵ if the reference interest rate 𝑅൫𝑡 ,𝑇൯ is above (below) a pre-specified 
strike rate 𝐾𝒊𝒋. The final payoff of a general DIO at time  𝑇ାଵ (with θ ൌ1 standing for DIC and θ ൌ -1 
standing for DIP) is defined as follows: 

𝑫𝑰𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑹ሺ𝑻𝒊,𝑻𝒊ሻ𝑰൫𝜽𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝜽𝑲𝒊𝒋൯. (32) 

Theorem 3.7. The value of a DIO at time τ is given as follows: 

𝑫𝑰𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝜞𝒊
൬൫𝟏  𝜞𝒊𝑹ሺ𝝉,𝑻𝒊ሻ൯𝝋ෝሺ𝝉,𝑻𝒊ሻ𝑵ቀ𝜽𝒅൫𝑻𝒊𝒋൯ቁ െ𝑵ቀ𝜽𝒅൫𝑻𝒊𝒋൯ቁ൰,

 (33) 
where 

𝝋ෝሺ𝝉,𝑻𝒊ሻ ൌ 𝒆𝒙𝒑ቆන 𝝁𝒈ෝሺ𝒖,𝑻𝒊ሻ𝒅𝒖
𝑻𝒊

𝝉
ቇ, 

𝒅൫𝑻𝒊𝒋൯ ൌ
𝑰𝒏ቆ

𝟏  𝜞𝒊𝒋𝑹൫𝝉,𝑻𝒊𝒋൯
𝟏  𝜞𝒊𝒋𝑲𝒊𝒋

ቇ െ 𝝃෩൫𝝉,𝑻𝒊𝒋൯ 
𝟏
𝟐𝑽ቀ𝝉,𝑻𝒗൫𝝉,𝑻𝒊𝒋൯𝒊𝒋

ቁ

ඥ𝑽ሺ𝝉,𝑻𝒊ሻ
, 

𝝃ሺ𝝉,𝑻𝒊ሻ ൌ  ሺ𝝁𝒉൫𝒖,𝑻𝒊𝒋൯  𝜼ෝ൫𝒖,𝑻𝒊𝒋൯ ∙ 𝒗𝒉൫𝒖,𝑻𝒊𝒋൯ሻ𝒅𝒖
𝑻𝒊𝒋
𝝉 , 
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𝜼ෝ൫𝒖,𝑻𝒊𝒋൯ ൌ ቊ
𝒗𝒈ෝሺ𝒕,𝑻𝒊ሻ    𝟎  𝒕  𝑻𝒊,
𝟎              𝑻𝒊  𝒕  𝑻𝒊𝒋,

 

𝝁𝒈ෝሺ𝒕,𝑻𝒊ሻ ൌ ൫𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝑰
∗ሻ൯ ∙ ൫𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝑰

∗ሻ൯ 

𝒗𝒈ෝሺ𝒕,𝑻𝒊ሻ ൌ ൫𝝈𝑩𝒏ሺ𝒕,𝑻𝑰
∗ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻ൯, 

and  𝑉൫𝜏,𝑇൯, 𝜇ሺ𝑡,𝑇ሻ, 𝑣ሺ𝑡,𝑇ሻ are defined, respectively, in (A.20), (A.11) and (A.14). 
 
Proof. The proof of Theorem 3.7 is available upon request from the authors. 
 

3.8 Delayed Interest-or-Nothing Range Digital Options 

A delayed interrest-or-nothing range digital call (put) option (DIRO) pays a floating 
interest payment 𝑅ሺ𝑇 ,𝑇ሻ  at maturity date 𝑇ାଵ  if the reference interest rate 𝑅൫𝑇 ,𝑇൯  lies 
within a pre-specified range  ൣ𝐾

 ,𝐾
൧. The final payoff of the DIRO is defined as follows: 

𝑫𝑰𝑹𝑶൫𝑻𝒊ା𝟏,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑹ሺ𝑻𝒊,𝑻𝒊ሻ𝑰൫𝑲𝒊𝒋
𝑳  𝑹൫𝑻𝒊𝒋,𝑻𝒊𝒋൯  𝑲𝒊𝒋

𝑼൯. (34) 

Theorem 3.8. The value of a DIRO at time τ is given as follows: 

 
 𝐷𝐼𝑅𝑂൫𝝉,𝑇ାଵ;𝑇;𝐾൯ ൌ  𝐷𝐼𝑪൫𝝉,𝑇ାଵ;𝑇;𝑲𝒊𝒋

𝑳 ൯ െ 𝐷𝐼𝑪൫𝝉,𝑇ାଵ;𝑇;𝑲𝒊𝒋
𝑼൯where 𝐷𝐼𝑪൫𝝉,𝑇ାଵ;𝑇;𝑲𝒊𝒋

𝑳 ൯ 
and 𝐷𝐼𝑪൫𝝉,𝑇ାଵ;𝑇;𝑲𝒊𝒋

𝑼൯ are defined in (33). 

 

3.9 Valuation of IFRNs and FRNs 

As indicated in Definition 3.1 and 3.2, IFRNs and FRNs are composed of various digital 
options presented in the above subsections. With the above preliminary theorems, the pricing 
formulas of IFRNs and FRNs can be derived and given in the following theorem. 
Theorem 3.9. For an IFRN as defined in Definition 3.1., the time τ value of its first coupon is equal to: 

𝑪ሺ𝝉,𝑻𝟏ሻ ൌ 𝑴𝑩𝒏ሺ𝝉,𝑻𝟏ሻ  𝑷𝟎ൣሺ𝑹ሺ𝑻𝟎,𝑻𝟎ሻ  ∆𝟎𝒋ሻ ൈ 𝑫𝑹𝑶൫𝝉,𝑻𝟏;𝑻𝟎𝒋;𝑲𝟎𝒋൯൧

𝒒

𝒋ୀ𝟏

/𝑫𝟎. 

The time τ value of other coupons is given as follows: 

𝑪ሺ𝝉,𝑻𝒊ା𝟏ሻ ൌ 𝑷𝟎ൣ𝑰𝑫𝑰𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯  ∆𝟎𝒋 ൈ 𝑰𝑫𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯൧

𝑵𝒊

𝒋ୀ𝟏

/𝑫𝒊, 

for 𝑖 ൌ 1,2, … ,𝑚 െ 1. The present value of the final principal at time 𝑇 is equal to: 

𝑷𝟎
𝑿𝑭ሺ𝝉,𝑻𝒏ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒏ሻ. 

Thus, the time τ value of an IFRN is equal to: 

𝑰𝑭𝑹𝑵 ൌ ∑ 𝑪ሺ𝝉,𝑻𝒊ሻ  𝑷𝟎
𝑿𝑭ሺ𝝉,𝑻𝒏ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒏ሻ

𝒎
𝒊ୀ𝟏 .                                    (35) 

Theorem 3.10. For an FRN as defined in Definition 3.2, the time τ value of its first coupon is equal to: 
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𝑪ሺ𝝉,𝑻𝟏ሻ ൌ 𝑴𝑩𝒏ሺ𝝉,𝑻𝟏ሻ  𝑷𝟎ൣሺ𝑹ሺ𝑻𝟎,𝑻𝟎ሻ  ∆𝟎𝒋ሻ ൈ 𝑫𝑹𝑶൫𝝉,𝑻𝟏;𝑻𝟎𝒋;𝑲𝟎𝒋൯൧

𝒒

𝒋ୀ𝟏

/𝑫𝟎. 

The time τ value of other coupons is given as follows: 

𝑪ሺ𝝉,𝑻𝒊ା𝟏ሻ ൌ 𝑷𝟎ൣ𝑰𝑫𝑰𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯  ∆𝒊𝒋 ൈ 𝑰𝑫𝑹𝑶൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯൧

𝑵𝒊

𝒋ୀ𝟏

/𝑫𝒊, 

for 𝑖 ൌ 1,2, … ,𝑚 െ 1. The present value of the final principal at time 𝑇 is equal to: 

𝑷𝟎
𝑿𝑭ሺ𝝉,𝑻𝒏ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒏ሻ. 

Thus, the time τ value of an IFRN is equal to: 

𝑰𝑭𝑹𝑵 ൌ ∑ 𝑪ሺ𝝉,𝑻𝒊ሻ  𝑷𝟎
𝑿𝑭ሺ𝝉,𝑻𝒏ሻ

𝑿ሺ𝟎ሻ
𝑩𝒏ሺ𝝉,𝑻𝒏ሻ

𝒎
𝒊ୀ𝟏 .                              (36) 

IFRNs can be priced analytically with Theorem 3.7. The parameters in IFRN pricing formula (37) 
can also be calibrated according to the calibration mechanism provided by JY (2003). Our model is thus 
tractable and feasible for market participants in inflation derivatives markets. 
 

4. Conclusions 

The pricing formula of an IFRN has been analytically derived. With functioning as a floating range note, 
an IFRN provides investors interest payments periodically without inflation risk. Via inflation-adjusted 
provision, investment values would not be eroded by rising prices of goods and services, and thereby 
maintaining the real purchasing power. 

The inflation derivatives market has been developing at a rapid pace and the market demand for 
structured inflation products is also increasing. This growing trend will definitely draw more attention 
to the pricing of various inflation-linked derivatives.  Thus, an IFRN should   be a welcome inflation 
derivative which most likely becomes a popular financial instrument, especially in the presence of 
persistent high inflation for years to come. 
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Mathematical Finance, 16, 237-254. 

Heath, D., Jarrow, R. & Morton A. (1992). Bond pricing and the term structure of interest rates: A 
new methodology for contingent claim valuations. Econometrica, 60, 77-105. 

Hull, J. (2006). Options, Futures and Other Derivatives (6rd ed.). New Jersey: Prentice- Hall. 
Jarrow, R., & Yildirim, Y. (2003). Pricing treasury inflation protected securities and related 

derivatives using an HJM model.  Journal of Financial and Quantitative Analysis, 38, 337-
359. 

Mercurio, F. (2005). Pricing inflation-indexed derivatives. Quantitative Finance, 5, 289-302. 
Navatte, P., & F. Quittard-Pinon. (1999). The valuation of interest rate digital options and range 

notes revisited. European Financial Management, 5, 425-440. 
Nunes, J.P.V. (2004). Multifactor valuation of floating range notes. Mathematical Finance, 14, 79-

97. 
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Appendix A: Proof of Theorem 3.1 

This appendix is to derive the pricing formula for the IDO specified in Theorem 3.1. We first price the IDC 

under the forward measure 𝒬்ାଵ as follows: 

𝑰𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ𝑬𝓠
𝑻𝒊శ𝟏

ቀ𝑿
ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑰ሺ𝑹ሺ𝑻𝒊𝒋;𝑻𝒊𝒋ሻ  𝑲𝒊𝒋ሻ|𝑭𝝉ቁ.           (A.1) 

According to (1), we can rewrite (A.1) as follows: 

ሺ𝑨.𝟏ሻ ൌ
𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ𝑿ሺ𝑻𝒊ሻ𝑰ሺ𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋

∗ ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯, (A.2) 

where 

𝑲ഥ𝒊𝒋 ൌ
𝟏

𝟏ା𝚪𝒊𝒋𝑲𝒊𝒋
. (A.3) 

For computing (A.2), we further rewrite the expectation part in (A.2) as follows: 

𝑬𝓠
𝑻𝒊శ𝟏

൬𝑿
ሺ𝑻𝒊ሻ𝑩𝒓ሺ𝑻𝒊,𝑻𝒊ሻ

𝑩𝒏ሺ𝑻𝒊,𝑻𝒊శ𝟏ሻ
 
𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝑩𝒏ሺ𝑻𝒊,𝑻𝒊ሻ
𝑰 ൬

𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋
∗ ൯

𝑩𝒏ሺ𝑻𝒊,𝑻𝒊శ𝟏ሻ
൏ 𝑲ഥ𝒊𝒋

𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋൯

𝑩𝒏ሺ𝑻𝒊,𝑻𝒊శ𝟏ሻ
൰ |𝑭𝝉൰, (A.4) 

Define the following notations: 

𝜶ሺ𝒕,𝑻𝒊ሻ ൌ
𝑿ሺ𝒕ሻ𝑩𝒓ሺ𝒕,𝑻𝒊ሻ

𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ
, 
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𝒃ሺ𝒕,𝑻𝒊ሻ ൌ
𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ

𝑩𝒏ሺ𝒕,𝑻𝒊ሻ
, 

𝒄൫𝒕,𝑻𝒊𝒋൯ ൌ
𝑩𝒏൫𝒕,𝑻𝒊𝒋

∗ ൯

𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ
, 

𝒆൫𝒕,𝑻𝒊𝒋൯ ൌ
𝑩𝒏൫𝒕,𝑻𝒊𝒋൯

𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ
. 

Based  on  the  𝐼𝑡𝑜ො  Lemma  and  the  changing-measure  technique,  the  dynamics  of  𝛼ሺ𝑡,𝑇ሻ, 𝑏ሺ𝑡,𝑇ሻ, 
𝑐൫𝑡,𝑇൯ and 𝑒൫𝑡,𝑇൯ are given as follows: 

𝒅𝜶ሺ𝒕,𝑻𝒊ሻ

𝜶ሺ𝒕,𝑻𝒊ሻ
ൌ ቀ𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒓ሺ𝒕,𝑻𝒊ሻቁ ∙ 𝒅𝑾ሺ𝒕ሻ,                                              (A.5) 

𝒅𝒃ሺ𝒕,𝑻𝒊ሻ

𝒃ሺ𝒕,𝑻𝒊ሻ
ൌ ฮ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻฮ

𝟐
𝒅𝒕 െ ሺ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻሻ ∙ 𝒅𝑾ሺ𝒕ሻ,

 (A.6) 

𝒅𝒄൫𝒕,𝑻𝒊𝒋൯

𝒄൫𝒕,𝑻𝒊𝒋൯
ൌ ቀ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋

∗ ൯ቁ ∙ 𝒅𝑾ሺ𝒕ሻ,                                                          (A.7) 

𝒅𝒆൫𝒕,𝑻𝒊𝒋൯

𝒆൫𝒕,𝑻𝒊𝒋൯
ൌ ቀ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋൯ቁ ∙ 𝒅𝑾ሺ𝒕ሻ.                                                          (A.8) 

 

We further define 𝑔ሺ𝑡,𝑇ሻ ൌ 𝛼ሺ𝑡,𝑇ሻ𝑏ሺ𝑡,𝑇ሻ and ℎ൫𝑡,𝑇൯ ൌ 𝑐൫𝑡,𝑇൯/𝑒൫𝑡,𝑇൯ and their dynamics can 

be derived via 𝐼𝑡𝑜ො Lemma as follows: 

𝒅𝒈ሺ𝒕,𝑻𝒊ሻ

𝒈ሺ𝒕,𝑻𝒊ሻ
ൌ 𝝁𝒈ሺ𝒕,𝑻𝒊ሻ𝒅𝒕  𝒗𝒈ሺ𝒕,𝑻𝒊ሻ ∙ 𝒅𝑾ሺ𝒕ሻ, (A.9) 

𝒅𝒉൫𝒕,𝑻𝒊𝒋൯

𝒉൫𝒕,𝑻𝒊𝒋൯
ൌ 𝝁𝒉൫𝒕,𝑻𝒊𝒋൯𝒅𝒕  𝒗𝒉൫𝒕,𝑻𝒊𝒋൯ ∙ 𝒅𝑾ሺ𝒕ሻ (A.10) 

where 

𝝁𝒈ሺ𝒕,𝑻𝒊ሻ ൌ ቀ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻቁ ∙ ሺ𝝈𝑩𝒓ሺ𝒕,𝑻𝒊ሻ െ 𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻ െ 𝝈𝒙ሺ𝒕ሻሻ,           
 (A.11) 

𝝁𝒉൫𝒕,𝑻𝒊𝒋൯ ൌ ቀ𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋
∗ ൯ െ 𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋൯ቁ ∙ ሺ𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ െ 𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋൯ሻ,                   (A.12) 

𝒗𝒈ሺ𝒕,𝑻𝒊ሻ ൌ ቀ𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑻𝒊ሻ െ ሺ𝝈𝑩𝒓ሺ𝒕,𝑻𝒊ሻቁ,                                                             (A.13) 

𝒗𝒉൫𝒕,𝑻𝒊𝒋൯ ൌ ቀ𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋൯ െ ሺ𝝈𝑩𝒏൫𝒕,𝑻𝒊𝒋
∗ ൯ቁ.                                                                       (A.14) 

Thus, (A.4) can be rewritten as follows: 

ሺ𝑨.𝟒ሻ ൌ 𝑬𝓠
𝑻𝒊శ𝟏

൫𝒈ሺ𝒕,𝑻𝒊ሻ 𝑰൫𝒉൫𝑻𝒊𝒋;𝑻𝒊𝒋൯ ൏ 𝑲ഥ𝒊𝒋൯|𝑭𝝉൯

ൌ 𝒈ሺ𝝉,𝑻𝒊ሻ𝐞𝐱𝐩 ሺන 𝝁𝒈ሺ𝒕,𝑻𝒊ሻ
𝑻𝒊

𝑻
|𝒅𝒖ሻ𝑬𝓠

𝑻𝒊శ𝟏
ቆ
𝒅𝓠ഥ𝑻𝒊ା𝟏

𝒅𝓠ഥ𝑻𝒊ା𝟏
𝑰൫𝒉൫𝑻𝒊𝒋;𝑻𝒊𝒋൯ ൏ 𝑲ഥ𝒊𝒋൯|𝑭𝝉ቇ ,

ൌ 𝒈ሺ𝝉,𝑻𝒊ሻ∅ሺ𝝉,𝑻𝒊ሻ𝑷𝓠
ഥ𝑻𝒊శ𝟏൫𝒉൫𝑻𝒊𝒋;𝑻𝒊𝒋൯ ൏ 𝑲ഥ𝒊𝒋|𝑭𝝉൯, 

 (A.15) 

where the Radon-Nikody´m derivative is defined as follows: 
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𝒅𝓠ഥ𝑻𝒊శ𝟏

𝒅𝓠ഥ𝑻𝒊శ𝟏
ൌ 𝒆𝒙𝒑 ሺെ

𝟏

𝟐
 ฮ𝜼൫𝒖,𝑻𝒊𝒋൯ฮ

𝟐
𝒅𝒖

𝑻𝒊𝒋
𝑻   𝜼൫𝒖,𝑻𝒊𝒋൯ ∙ 𝒅𝑾ሺ𝒕ሻ,

𝑻𝒊𝒋
𝑻  (A.16) 

and 

∅ሺ 𝝉,𝑻𝒊ሻ ൌ 𝒆𝒙𝒑 𝝁𝒈ሺ𝒕,𝑻𝒊ሻ𝒅𝒖
𝑻𝒊
𝑻 , (A.17) 

𝜼൫𝒕,𝑻𝒊𝒋൯ ൌ ቊ
𝒗𝒈ሺ𝒕,𝑻𝒊ሻ   𝟎  𝒕  𝑻𝒊,
𝟎             𝑻𝒊 ൏ 𝒕  𝑻𝒊𝒋.

 

The  Radon-Nikody´m  derivative,  (A.12),  can  be  used  to  define  a  new  probability  measure as follows: 

𝓠ഥ𝑻𝒊ା𝟏ሺ𝑨ሻ ൌ න
𝒅𝓠ഥ𝑻𝒊ା𝟏

𝒅𝓠ഥ𝑻𝒊ା𝟏𝑨
𝒅𝓠𝑻𝒊ା𝟏ሺ𝝎ሻ 𝒇𝒐𝒓 𝒂𝒍𝒍 𝑨𝝐𝓕. 

According to the Girsanov’s Theorem, a new d-dimensional Brownian, 𝑊𝒬ത்ାଵሺ𝑡ሻ , under the new 

probability measure 𝒬ത்ାଵ  can be defined as follows: 

𝑾𝓠ഥ𝑻𝒊శ𝟏ሺ𝒕ሻ ൌ 𝑾𝓠ഥ𝑻𝒊శ𝟏ሺ𝒕ሻ െන 𝜼൫𝒖,𝑻𝒊𝒋൯
𝒕

 𝝉
𝒅𝒖. 

Thus, under 𝒬ത்ାଵ , the dynamics of ℎ൫𝑡,𝑇൯ is given as follows: 

𝒅𝒉൫𝒕,𝑻𝒊𝒋൯

𝒉൫𝒕,𝑻𝒊𝒋൯
ൌ ሺ𝝁𝒉൫𝒕,𝑻𝒊𝒋൯𝒅𝒕  𝜼൫𝒕,𝑻𝒊𝒋൯ ∙ 𝒗𝒉൫𝒕,𝑻𝒊𝒋൯ሻ𝒅𝒕  𝒗𝒉൫𝒕,𝑻𝒊𝒋൯ ∙ 𝒅𝑾ሺ𝒕ሻ, 

The solution of ℎ൫𝑇 ,𝑇൯ is given as follows: 

𝒉൫𝑻𝒊𝒋,𝑻𝒊𝒋൯ ൌ  𝒉൫𝝉,𝑻𝒊𝒋൯𝒆𝒙𝒑 ሺ𝝃൫𝝉,𝑻𝒊𝒋൯ െ
𝟏

𝟐
𝐕൫𝝉,𝑻𝒊𝒋൯  𝒁𝒊𝒋ሻ (A.18) 

where 

   𝒁𝒊𝒋 ൌ  𝒗𝒉൫𝒖,𝑻𝒊𝒋൯ ∙ 𝒅𝑾ሺ𝒖ሻ~𝑵ሺ𝟎,
𝑻𝒊𝒋

 𝝉 𝐕൫𝝉,𝑻𝒊𝒋൯                                                                

𝝃൫𝝉,𝑻𝒊𝒋൯ ൌ  ሺ𝝁𝒉൫𝒖,𝑻𝒊𝒋൯  𝜼൫𝒕,𝑻𝒊𝒋൯ ∙ 𝒗𝒉൫𝒖,𝑻𝒊𝒋൯ሻ
𝑻𝒊𝒋

 𝝉 𝒅𝒖 (A.19) 

𝑽൫𝝉,𝑻𝒊𝒋൯ ൌ  ฮ𝒗𝒉൫𝒖,𝑻𝒊𝒋൯ฮ
𝟐
𝒅𝒖

𝑻𝒊𝒋
 𝝉  (A.20) 

Thus, the probability in (A.11) can be computed as follows: 

𝑷𝓠ഥ
𝑻𝒊శ𝟏

൫𝒉൫𝑻𝒊𝒋,𝑻𝒊𝒋൯ ൏ 𝑲ഥ𝒊𝒋|𝑭𝝉൯ ൌ 𝑷𝓠ഥ
𝑻𝒊శ𝟏

൬𝒉൫𝑻𝒊𝒋,𝑻𝒊𝒋൯𝐞𝐱𝐩 ሺ𝝃൫𝝉,𝑻𝒊𝒋൯ െ
𝟏
𝟐
𝐕൫𝝉,𝑻𝒊𝒋൯  𝒁𝒊𝒋൰

൏ 𝑲ഥ𝒊𝒋|𝑭𝝉ሻ ൌ 𝑵ሺ𝒅൫𝑻𝒊𝒋൯ሻ 

where 

𝒅൫𝑻𝒊𝒋൯ ൌ
𝒍𝒏ቆ

𝑲ഥ𝒊𝒋

𝒉ቀ𝝉,𝑻𝒊𝒋ቁ
ቇି𝝃൫𝝉,𝑻𝒊𝒋൯ା

𝟏
𝟐
𝑽൫𝝉,𝑻𝒊𝒋൯

ට𝑽൫𝝉,𝑻𝒊𝒋൯
. (A.21) 

With the above computation, the pricing formula for the IDC can be derived as follows: 

𝑰𝑫𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ
𝑿ሺ𝝉ሻ𝑩𝒓൫𝒕,𝑻𝒊𝒋൯

𝑿ሺ𝟎ሻ𝑩𝒏൫𝒕,𝑻𝒊𝒋൯
𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ∅ሺ 𝝉,𝑻𝒊ሻ𝑵ቀ𝒅൫𝑻𝒊𝒋൯ቁ. (A.22) 

As to the pricing formula for the IDP, it can be derived similarly to the IDC case. 

 

 

Appendix B: Proof of Theorem 3.3 

This appendix is to derive the pricing formula for IDIO specified in Theorem 3.3. We first price the IDIC 
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under the forward measure 𝒬்ାଵ as follows: 

𝑰𝑫𝑰𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ 𝑩𝒏ሺ𝝉,𝑻𝒊ା𝟏ሻ𝑬𝓠
𝑻𝒊శ𝟏

ቀ𝑿
ሺ𝑻𝒊ሻ

𝑿ሺ𝟎ሻ
𝑹ሺ𝑻𝒊;𝑻𝒊ሻ𝑰ሺ𝑹൫𝑻𝒊𝒋;𝑻𝒊𝒋൯ሻ  𝑲𝒊𝒋ሻ|𝑭𝝉ቁ.

 (B.1) 
According to (1), we can rewrite (B.1) as follows: 

ሺ𝐁.𝟏ሻ ൌ
𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ𝑿ሺ𝑻𝒊ሻሺ

𝟏ି𝑩𝒏ሺ𝑻𝒊,𝑻𝒊
∗ሻ

𝚪𝒊𝑩𝒏൫𝑻𝒊,𝑻𝒊
∗൯
ሻ𝑰ሺ𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋

∗ ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯, 

ൌ𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝚪𝒊𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ
𝑿ሺ𝑻𝒊ሻ𝑩𝒓ሺ𝑻𝒊,𝑻𝒊ሻ

𝑩𝒏൫𝑻𝒊,𝑻𝒊
∗൯

ሻ𝑰ሺ𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋
∗ ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯ െ

𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝚪𝒊𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ𝑿ሺ𝑻𝒊ሻ 𝑰ሺ𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋

∗ ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯. 

 (B.2) 
The second part in (B.2) can be obtained by Appendix A as follows: 

𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝚪𝒊𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ𝑿ሺ𝑻𝒊ሻ 𝑰ሺ𝑩𝒏൫𝑻𝒊𝒋,𝑻𝒊𝒋

∗ ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯ ൌ
𝑰𝑫𝑪൫𝝉,𝑻𝒊శ𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯

𝚪𝒊
. (B.3) 

Next, we rewrite the first part in (B.2) as follows: 

𝑩𝒏ሺ𝝉,𝑻𝒊శ𝟏ሻ

𝚪𝒊𝑿ሺ𝟎ሻ
𝑬𝓠

𝑻𝒊శ𝟏
ሺ𝒈∗ሺ𝑻𝒊,𝑻𝒊ሻ 𝑰ሺ𝒉൫𝑻𝒊𝒋,𝑻𝒊𝒋ሻ ൏ 𝑲ഥ𝒊𝒋ሻ|𝑭𝝉൯ (B.4) 

where ℎ൫𝑇 ,𝑇൯ is defined in (A.14) and 𝑔∗ሺ𝑡,𝑇ሻ is defined as follows: 

𝒈∗ሺ𝒕,𝑻𝒊ሻ ൌ
𝑿ሺ𝒕ሻ𝑩𝒓ሺ𝒕,𝑻𝒊ሻ

𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ
 
𝑩𝒏ሺ𝒕,𝑻𝒊ା𝟏ሻ

𝑩𝒏ሺ𝒕,𝑻𝒊
∗ሻ

. 

Similar to the deriving process of IDC in Appendix A, (B.4) can be derived by replacing 𝑔ሺ𝑡,𝑇ሻ with 

𝑔∗ሺ𝑡,𝑇ሻ and the result is given as follows: 

ሺ𝑩.𝟒ሻ ൌ
𝑿ሺ𝝉ሻ𝑩𝒓ሺ𝝉,𝑻𝒊ሻ

𝑿ሺ𝟎ሻ𝑩𝒏ሺ𝒕,𝑻𝒊ሻ
 
𝑩𝒏ሺ𝝉,𝑻𝒊ሻ

𝚪𝒊𝑩𝒏൫𝝉,𝑻𝒊
∗൯
∅ሺ𝝉,𝑻𝒊ሻ𝑩𝒏ሺ𝝉,𝑻𝒊ሻ𝑵ቀ𝒅∗൫𝑻𝒊𝒋൯ቁ. (B.5) 

where 

𝒅∗൫𝑻𝒊𝒋൯ ൌ
𝒍𝒏ቆ

𝟏శ𝚪𝒊𝒋𝑹ቀ𝝉,𝑻𝒊𝒋ቁ

𝟏శ𝚪𝒊𝒋𝑲𝒊𝒋
ቇି𝝃∗൫𝝉,𝑻𝒊𝒋൯ା

𝟏
𝟐
𝑽൫𝝉,𝑻𝒊𝒋൯

ට𝑽൫𝝉,𝑻𝒊𝒋൯
, (B.6) 

𝝃∗൫𝝉,𝑻𝒊𝒋൯ ൌ  ሺ𝝁𝒉൫𝒖,𝑻𝒊𝒋൯  𝜼∗൫𝒖,𝑻𝒊𝒋൯ ∙ 𝒗𝒉൫𝒖,𝑻𝒊𝒋൯ሻ
𝑻𝒊𝒋

 𝝉 𝒅𝒖, (B.7) 

𝜼∗൫𝒖,𝑻𝒊𝒋൯ ൌ ቊ
𝒗𝒈∗ሺ𝒕,𝑻𝒊ሻ    𝟎  𝒕  𝑻𝒊,
𝟎            𝑻𝒊 ൏ 𝒕  𝑻𝒊𝒋,

 (B.8) 

𝒗𝒈∗ሺ𝒕,𝑻𝒊ሻ ൌ ሺ𝝈𝒙ሺ𝒕ሻ  𝝈𝑩𝒏ሺ𝒕,𝑻𝒊
∗ሻ െ ሺ𝝈𝑩𝒓ሺ𝒕,𝑻𝒊ሻ, (B.9) 

∅∗ሺ 𝝉,𝑻𝒊ሻ ൌ 𝐞𝐱𝐩 ሺ 𝝈𝑩𝒏ሺ𝒖,𝑻𝒊ା𝟏ሻ
𝑻𝒊
𝑻 െ 𝝈𝑩𝒏ሺ𝒖,𝑻𝒊

∗ሻሻ ∙ ሺ𝝈𝑩𝒓ሺ𝒖,𝑻𝒊ሻ െ 𝝈𝑩𝒏ሺ𝒖,𝑻𝒊
∗ሻ െ 𝝈𝒙ሺ𝒖ሻሻሻ.

 (B.10) 
With the above derivation, IDIC can be derived as follows: 

𝑰𝑫𝑰𝑪൫𝝉,𝑻𝒊ା𝟏;𝑻𝒊𝒋;𝑲𝒊𝒋൯ ൌ ሺ𝑩.𝟓ሻ െ ሺ𝑩.𝟑ሻ. 
As to the pricing formula for the IDIP, it can be derived similarly to the IDIC case. 
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